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In this paper, we study the effects of non-commutative quantum mechanics in three dimensions
on the energy levels of a charged harmonic oscillator in the presence of a constant magnetic field
in the z-direction. The extension of this problem to three dimensions proves to be non-trivial. We
obtain the first-order corrections to the energy-levels in closed form in the low energy limit of weak
non-commutativity.
I. INTRODUCTION
With Heisenberg’s introduction of the uncertainty
principle [1], the classical paradigm that position and
momentum commutate at no cost crushed. Additionally,
the discussion of a charged particle in an electromagnetic
field in the framework of quantum mechanics leads us
to the introduction of the kinetic momentum operator,
which in contrast to the canonical momentum operator,
also does not commute. These two facts, emerging from
the nature of quantum mechanics, evidently brings up
the question, is the assumption of the commutation of the
position and momentum operators among themselves an
accurate assumption? Or, under which conditions is the
assumption of the vanishing commutators of [xi, xj ] = 0
and [pi, pj ] = 0 correct? In his pioneering work Hartland
Snyder [2] noticed that Lorenz invariance does not neces-
sarily require non-commutativity of the position and mo-
mentum operators in field theory, manifesting the foun-
dation of the detailed discussion of the Quantum Field
Theory in Non-commutative spaces by R. Szabo [3, 4].
Non-commutativity is generally associated with the ef-
fect of the geometry of the space [5, 6]. The magnetic
field’s impact on non-commutativity has been discussed
in various works, especially in the framework of the Lan-
dau problem [7–18]. There are several discussions on the
non-commutative Quantum Hall effect [19–22].
Let us recall the basic properties of Non-commutative
Quantum Mechanics [23]. Let us denote xˆi as the
non-commutative position operator and pˆi as the non-
commutative momentum operator; then the commuta-
tion relationships are given as
[xˆi, xˆj ] = iθij , [pˆi, pˆj ] = iηij (1)
where θij and ηij are both antisymmetric tensors.
Consequently, as one can verify easily, the relationship
between non-commutative operators xˆi and pˆi with their
commutative counterparts can be written as
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xˆi = αxi − 1
2α~
θijpj (2)
pˆi = αpi +
1
2α~
ηijxj , (3)
where α ∈ (0, 1) is the scaling constant related to the
non-commutativity of the phase-space and and ηij and
θij are antisymmetric tensors with the properties
ηij =


η if ij = 12, 23, 31
−η if ij = 21, 32, 13
0 else
(4)
and
θij =


θ if ij = 12, 23, 31
−θ if ij = 21, 32, 13
0 else
, (5)
respectivly.
Mathematically, the non-commutativity of the base
manifold can be realized by application the Weyl-Moyal
star product [24]
(f ⋆ g) (x, p) = ei
1
2α2
θij∂
x
i ∂
x
j +i
1
2α2
ηij∂
p
i
∂p
j f(x)g(y) =
= f(x, p)g(x, p)+
iθij
2α2
∂xi f∂
x
j g
∣∣∣∣∣
xi=xj
+
iηij
2α2
∂
p
i f∂
p
j g
∣∣∣∣∣
pi=pj
+
+O (θ2ij)+O (η2ij)+O (θijηij) (6)
So, the shift from ordinary Quantum Mechanics to
non-commutative Quantum Mechanics is performed by
employing the Weyl-Moyal product (6) instead of the
ordinary product. So, the non-commutative time-
independent Schro¨dinger equation becomes
H(x, p) ⋆ ψ(x) = Eψ(x). (7)
By employing the Bopp’s shift [25], we can turn the Weyl-
Moyal product again to the ordinary product by substi-
tuting x and p in the non-commutative equation by xˆ
and pˆ, namely
H(x, p) ⋆ ψ(x) = H(xˆ, pˆ)ψ(x). (8)
2Based on Harko [26], we can see that the non-
commutativity parameters η and θ can be considered
as energy-dependent and that both become sufficiently
small in the low energy limit. We will use this fact in
order to extend the discussions of a charged particle in a
harmonic oscillator with the presence of a magnetic field.
The isotropic charged harmonic oscillator in a magnetic
field could be solved exactly in the framework of 2D non-
commutativity [27]. Let us now include the z-direction
into the non-commutative framework. In the low energy
limit, we can consider the parameters η and η small, and
we can calculate the effect of the non-commutativity in
3D using first-order perturbation in η and θ.
In light of this, we will discuss the non-commutative
charged harmonic oscillator in the presence of a constant
magnetic field employing non-commutativity to all three
spacial parameters. In section, we are going to discuss
the non-commutative Hamiltonian of the charged particle
in a parabolic potential in the presence of a constant
magnetic field. Then we will expand the Hamiltonian
in terms of θ and η, and calculate the energy correction
due to non-commutativity in the domain of weak non-
commutativity, i.e., in the low energy limit. Finally, we
will compare the energy corrections with respect to the
magnetic field’s magnitude, noting that the sign of the
correction is a function of the magnitude of the employed
magnetic field.Then we will close with some concluding
remarks.
II. 3D NON-COMMUTATIVE CHARGED
HARMONIC OSCILLATOR IN A CONSTANT
MAGNETIC FIELD
Our starting point is the commutative Hamiltonian for
the charged harmonic oscillator presence of a constant
magnetic field.
H0(x, p) =
1
2m
(
~p− q
c
~A
)2
+
1
2
mω2
(
x2 + y2 + z2
)
(9)
Without loss of generality we will choose the direction of
the constant magnetic field in z-direction, i.e., ~B = Bkˆ
and ~A(~x, t) = 12
(
−yBiˆ+ xBjˆ
)
in Coulomb gauge. So,
our Hamiltonian H0 modifies to
H0(x, p) =
1
2m
((
px +
qB
2c
y
)2
+
(
py − qB
2c
x
)2
+ p2z
)
+
+
1
2
mω2
(
x2 + y2 + z2
)
. (10)
Expanding the Hamiltonian (10) and regrouping the
terms we get
H0(x, p) =
1
2m
(
p2x + p
2
y + p
2
z
)− 1
2
ωcLz+
+
1
2
mω˜2
(
x2 + y2
)
+
1
2
mω2z2, (11)
where Lz = xpy − ypx is the z-component of the an-
gular momentum operator, ωc =
qB
mc the cyclotron fre-
quency, and ω˜2 = ω2 +
ω2c
4 is the modified frequency of
the harmonic oscillator in the xy-plane. From (8) we
know that the Weyl-Moyal product can be turned into a
normal product by substituting commutative x and p by
the non-commutative operators xˆ and pˆ, so let us first
consider the Hamiltonian H0(xˆ, pˆ).
H0(xˆ, pˆ) =
1
2m
(
pˆ2x + pˆ
2
y + pˆ
2
z
)− 1
2
ωcLˆz+
+
1
2
mω˜2
(
xˆ2 + yˆ2
)
+
1
2
mω2zˆ2 (12)
Let us state all non-commutative operators explicitly
in the 3D version using (2) and (3)together with (4) and
(5), respectively.
xˆ = αx− θ
2α~
py +
θ
2α~
pz (13)
yˆ = αy − θ
2α~
pz +
θ
2α~
px (14)
zˆ = αz − θ
2α~
px +
θ
2α~
py (15)
pˆx = αpx +
η
2α~
y − η
2α~
z (16)
pˆy = αpy +
η
2α~
z − η
2α~
x (17)
pˆz = αpz
η
2α~
x− η
2α~
y (18)
Based on the position and momentum operators de-
fined in the equations (13)-(18), we can construct all
other operators needed in this calculation.
As a consequence the non-commutative angular mo-
mentum operator Lˆz can be stated explicitly as following
Lˆz = xˆpˆy−yˆpˆx = α2Lz+ θ
2~
(−p2x − p2y + pxpz + pypz)+
+
η
2~
(−x2 − y2 + xz + yz)+ θη
4α2~2
(Lx + Ly + Lz) .
(19)
Furthermore, the sum of the squares of the components
of the non-commutative momentum operator pˆ2x+ pˆ
2
y+ pˆ
2
z
pˆ2x+ pˆ
2
y+ pˆ
2
z = α
2
(
p2x + p
2
y + p
2
z
)− η
~
(Lx + Ly + Lz) +
+
η2
2α2~2
(
x2 − xy + y2 − xz − yz + z2) , (20)
and the sum of the squares of the x and y components
of the non-commutative squared position operator xˆ2+yˆ2
xˆ2 + yˆ2 = α2
(
x2 + y2
)
+
θ
~
(−Lz + (x − y)pz)+
+
θ2
4α2~2
(
p2x + p
2
y + 2p
2
z − 2pxpz − 2pypz
)
, (21)
3and finally square of the z component of the non-
commutative position operator zˆ2
zˆ2 = α2z2 +
θ
~
z (py − px) + θ
2
4α2~2
(px − py)2 . (22)
Substituting (19)-(22) into (12) gives the non-
commutative Hamiltonian in the commutative algebra.
After regrouping and summarizing all terms we get
the expanded non-commutative Hamiltonian in the
commutative space.
H0(xˆ, pˆ) = α
2H0(x, p) +
η
~
Hη(x, p) +
θ
~
Hθ(x, p)+
+
ηθ
~2
Hηθ(x, p) +
η2
~2
Hη2(x, p) +
θ2
~2
Hθ2(x, p) (23)
with
Hη = − 1
2m
(Lx + Ly + Lz)−
−1
4
ωc
(−x2 − y2 + xz + yz) (24)
Hθ = −1
4
ωc
(−p2x − p2y + pxpz + pypz)+
+
1
2
mω˜2
(−Lz + (x− y)pz)+
+
1
2
mω2z (py − px) (25)
Hηθ =
ωc
8α2
(Lx + Ly + Lz) (26)
Hη2 =
1
4mα2
(
x2 − xy + y2 − xz − yz + z2) (27)
Hθ2 =
1
4α2
[
1
2
mω˜2
(
p2x + p
2
y + 2p
2
z − 2pxpz − 2pypz
)
+
1
2
mω2 (px − py)2
]
(28)
Obviously we return to the well known commutative case
if α = 1, θ = η = 0.
III. PERTURBATIVE APPROACH
According to Harko et al. [26], the contribution of
the second-order terms η2, θ2, and ηθ are small com-
pared to the terms in η and θ in the low energy limit.
Consequently, we can determine the effect of the non-
commutativity on the binding energy by employing first-
order perturbation theory.
To determine the impact of non-commutativity on the
energy levels of a charged harmonic oscillator in 3D in
the presence of a constant magnetic field, we first have
to revisit the well-known commutative case. The Hamil-
tonian in the commutative case in cylindrical coordinates
is then given as
H0(x, p) = − ~
2
2m
(
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂ϕ2
)
−1
2
ωc
~
i
∂
∂ϕ
+
+
1
2
m
(
ω2 +
ω2c
4
)
ρ2 − ~
2
2m
∂2
∂z2
+
1
2
mω2z2, (29)
where x = ρ cosϕ, y = ρ sinϕ consequently ρ2 = x2+ y2,
Lz =
~
i
∂
∂ϕ , and p
2
ρ = −~2
(
1
ρ
∂
∂ρ
(
ρ ∂∂ρ
))
. With ω˜2 =
ω2 +
ω2c
4 we get
H0(x, p) = − ~
2
2m
(
1
ρ
∂
∂ρ
(
ρ
∂
∂ρ
)
+
1
ρ2
∂2
∂ϕ2
)
−1
2
ωc
~
i
∂
∂ϕ
+
+
1
2
mω˜2ρ2 − ~
2
2m
∂2
∂z2
+
1
2
mω2z2. (30)
In cylindrical coordinates, the time-independent
Schro¨dinger equation for a particle in an isotropic har-
monic oscillator in the presence of a constant magnetic
field can be solved by separation of variables as
ψnρ,µ,nz(x) = χ(ρ)e
iµϕζ(z). (31)
After substitution into the time independent
Schro¨dinger equation we get the eigenfunction as:
ζ(z) =
1√
2nn!
(mω
π~
)1/4
e−
mωz
2~ Hnz
(√
mω
~
z
)
(32)
χ(ρ) = A1
(√
2ρ
)|µ|
e−
mω˜ρ2
2~ U
(
−nρ, 1 + |µ|, mω˜ρ
2
2~
)
+
+A2
(√
2ρ
)|µ|
e−
mω˜ρ2
2~ L|µ|nρ
(
−nρ, mω˜ρ
2
2~
)
(33)
and the eigenvalue
Enρ,µ,nz = ~ω˜(2nρ + |µ|+ 1) +
1
2
~ωcµ+ ~ω
(
nz +
1
2
)
.
(34)
The corrections to the binding energy for weak non-
commutativity in first-order perturbation theory are then
according to (23) given as
∆E(1) =
η
~
〈
nρ, µ, nz
∣∣∣Hη∣∣∣nρ, µ, nz〉+
+
θ
~
〈
nρ, µ, nz
∣∣∣Hθ∣∣∣nρ, µ, nz〉 (35)
Due to the symmetry of the problem all following ma-
4trix elements vanish:
〈
nρ, µ, nz
∣∣∣Lx∣∣∣nρ, µ, nz〉 = 〈nρ, µ, nz∣∣∣Ly∣∣∣nρ, µ, nz〉 =
=
〈
nρ, µ, nz
∣∣∣xz∣∣∣nρ, µ, nz〉 = 〈nρ, µ, nz∣∣∣yz∣∣∣nρ, µ, nz〉 =
=
〈
nρ, µ, nz
∣∣∣pxpz∣∣∣nρ, µ, nz〉 = 〈nρ, µ, nz∣∣∣pypz∣∣∣nρ, µ, nz〉 =
=
〈
nρ, µ, nz
∣∣∣ypz∣∣∣nρ, µ, nz〉 = 〈nρ, µ, nz∣∣∣xpz∣∣∣nρ, µ, nz〉 =
=
〈
nρ, µ, nz
∣∣∣px∣∣∣nρ, µ, nz〉 = 〈nρ, µ, nz∣∣∣py∣∣∣nρ, µ, nz〉 = 0
So, the only matrix elements that are non-vanishing are
∆E(1) =
η
~
〈
nρ, µ, nz
∣∣∣− 1
2m
Lz − ωc
4
ρ2
∣∣∣nρ, µ, nz〉+
+
θ
~
〈
nρ, µ, nz
∣∣∣− ωc
4
p2ρ −
1
2
mω˜2Lz
∣∣∣nρ, µ, nz〉. (36)
With the help of [28, 29] the lengthy integrals can be
solved in closed form and we get for the first-order cor-
rections in η
∆E(1)η = −
η|µ|
2m
− ηωc
4mω˜
(2nρ + |µ|+ 1) (37)
and θ
∆E
(1)
θ = −
1
2
θmω˜
(
ω˜ − 1
2
ωcf(nρ, |µ|)
)
(38)
with
f(nρ, µ) = 2
(
nρ + µ
µ
)
− 4µ
(
µ+ nρ + 2
nρ − 1
)
−
− µ(1 + µ)
[
2
(
µ+ nρ
nρ
)
+ 4
(
µ+ nρ − 2
nρ
)
+
+
(
µ+ nρ + 1
nρ
)
−
(
µ+ nρ + 2
nρ − 1
)]
. (39)
A short dimensional analysis shows that η has the di-
mension of mass2 Length
2
Time2 , and θ has the dimension of
Length2. So, the calculated corrections have the correct
dimension of energy.
So, finally, we can summarize the results of our calcu-
lation in first-order perturbation theory. Recalling the
non-commutative Hamiltonian (23) we see that the un-
perturbed energy is
E(0)nρ,µ,nz =
〈
nρ, |µ|, nz
∣∣∣α2H0(x, p)∣∣∣nρ, |µ|, nz〉 =
= α2
[
~ω˜(2nρ + |µ|+ 1) + 1
2
~ωcµ+ ~ω
(
nz +
1
2
)]
.
(40)
The first order energy corrections are
∆E(1) = −η|µ|
2m
− ηωc
4mω˜
(2nρ + |µ|+ 1)−
− 1
2
θmω˜
(
ω˜ − 1
2
ωcf(nρ, |µ|)
)
(41)
with f(ρ, |µ|) given in (39). These results hold for the
situations, where η ≪ ~mωc and θ ≪ ~mω˜ .
IV. CONCLUSION
We studied the charged harmonic oscillator within
a constant magnetic field in the context of the non-
commutative quantum mechanics. In this line, we as-
sumed the commutators to be up to linear order of θ and
η in eq.(1) based on the definition given in eq.(4) and
(5). Following the standard Schro¨dingerequation in non-
commutative quantum mechanics, eq.(6), we constructed
the non-commutative Hamiltonian in the equation (23).
Finally, we have solved the Schro¨dinger equation, using
the time-independent perturbation method. We obtained
the corrections in the energy levels, up to the first order
of the non-commutative parameters. Our final energy
correction in eq.(41) turns zero if the non-commutative
parameters vanish.
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